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conference papers

824 # 2000 International Union of Crystallography � Printed in Great Britain ± all rights reserved J. Appl. Cryst. (2000). 33, 824±828

Evaluation of double-crystal SANS data
influenced by multiple scattering

Jan Šaroun
Nuclear Physics Institute, 25068 ®eÓ  near Prague, Czech
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Evaluation of small-angle neutron scattering (SANS) data is often
complicated by multiple scattering effects if large particles of
relatively high volume fraction have to be studied and dilution or
contrast reduction is impossible. The use of pin-hole SANS
instruments is often limited due to the contradictory requirements of
high resolution and short wavelength needed to keep scattering
contrast as low as possible. Double crystal (DC) SANS
diffractometers of Bonse-Hart and bent-crystal type are useful
alternatives in such cases, as they permit reaching very high
resolution with thermal neutrons. A method for SANS data
evaluation  suited to DC instruments is presented. It includes the
common scheme of the indirect Fourier transformation method, but
takes multiple scattering into account. The scattering medium is
described by the frequency function g(x) defined as the cosine
Fourier transform of slit-smeared data. Although a simplistic model
of polydisperse spheres is used to represent g(x), resulting g(x)
function and some integral parameters are independent of this model.
Tests on simulated data show, that the method reproduce well true
values of microstructural parameters, though systematic errors are
observed in the cases when the unscattered part of incident beam
completely disappears. If the scattering power <N> is known and
kept fixed during fitting, then other parameters are reproduced well
also in the regime of strong multiple scattering. The evaluation
procedure permits simultaneously fitting to several sets of data
measured for different Q-regions, resolutions and sample
thicknesses. It has proved to provide reliable results for particle sizes
ranging from about 100 Å to several microns and <N> < 10.

1. Introduction

The presented work has been motivated by recent studies of porous
microstructure in plasma-sprayed ceramics by small-angle neutron
scattering (SANS). This class of materials is characterised by a
variety of voids and cracks with the size varying by several orders of
magnitude -  typically between 0.01 µm to 10 µm - and occupying
relatively high volume fraction (about 10 %). Obviously,
investigation of such materials by SANS is rather complicated task
for several reasons. To cover the broad size-range, combination of
measurements performed in different regions of wave-vector transfer
Q is necessary. At pin-hole SANS instruments, the resolution needed
to resolve even medium-sized pores requires the use of long
wavelength neutrons, while the largest pores cannot be resolved at
all. Other problems arise from the size and volume fraction of pores -
(i) refraction effects on large pores (or particles) and (ii) multiple
scattering by distinct particles if the scattering mean free path is
comparable to or shorter than the sample thickness. Both these
effects can be reduced by using short neutron wavelength, which is,
however, in contradiction to the requirement of high Q-resolution.

The problem of refraction can generally be solved by employing full
dynamical theory of small-angle scattering, which involves both

kinematical and geometrical optics approximations as limiting cases.
In context to SANS, it is rather common to speak about diffraction
(ν<1) and refraction (ν>>1) regimes, where ν is the value of
maximum phase change the incident wave undergoes on traversing
the particle. Berk & Hardman-Rhyne (1986) have shown, that the
diffraction regime holds to a good precision if ν<2. The dynamical
scattering cross-section has been calculated by Weiss (1951) for
spherical particles and more recently by Allen & Berk (1994) for
rotational ellipsoids. Nevertheless, it is convenient to perform SANS
experiments under diffraction regime conditions as far as possible
due to non-trivial dependence of scattering on the particle shape and
orientation and related  mathematical difficulties, particularly in the
case of more complicated particle shape.

The problem of incoherent multiple scattering (ii) has originally
been solved for Rutherford scattering by Snyder & Scott (1949) and
Bethe (1953). Their solution can be applied also to multiple small-
angle scattering by taking correct single-particle cross-sections into
account. The formalism developed by Schelten & Schmatz (1980)
permits the calculation of multiple-scattering functions for systems of
spheres or other model particles, which could be in principle
incorporated into an indirect Fourier transformation method (Glatter,
1977, 1980). Nevertheless, the single-scattering curve for many
systems containing large objects becomes entirely dominated by
broadening due to the multiple scattering and most of the information
about large particles shape and size is lost. Therefore, the scattering
curve can be evaluated only for Q far from the beam centre, where
the influence of multiple scattering is negligible. Another method
developed by Berk & Hardman-Rhyne (1988) uses semi-empirical
formula for the dependence of scattering profile curvature near Q=0
on the mean number of scattering events per neutron <N> (scattering
power). An effective pore radius can be deduced from this
dependence provided that the scattering mean free path is known.
Combination of  both techniques can provide another parameter for
estimation of the width of size distribution (Hardman-Rhyne &
Berk, 1985). For the porous ceramics, the value of <N> varies
usually from about 10 to 100 or even more for long neutron
wavelengths, where also the refraction cannot be neglected due to the
presence of large pores.

In this context, the ultra-high resolution SANS techniques have
not been employed until recently, though they may provide at least
partial solution to the above mentioned problems. The double-crystal
(DC) diffractometers operate with very high Q-resolution from 10-5

Å-1 for Bonse-Hart diffractometers (Bonse-Hart, 1966, Schwahn,
Miksovsky, Rauch, Seidl & Zugarek, 1985), to 10-3 Å-1 for double-
bent-crystal (DBC) instruments (Kulda & Mikula, 1983, Mikula,
Lukáš & Eichhorn, 1988) at short neutron wavelengths. Compared to
collimator instruments, the high resolution permits resolving larger
particles, while the short wavelength ensures conditions much closer
to the diffraction regime and produce <N> an order of magnitude
lower due to the λ2 dependence of the total scattering cross-section.
Combination of measurements for different Q-regions and
resolutions allows coverage of a very broad Q-range, which is
necessary to describe complex polydisperse systems. The DBC
technique has been used recently to study porosity in thermally
treated plasma-sprayed alumina (Šaroun, Strunz, Borbély, Ilavský &
Kolman, 1999) with the results compatible to measurements by other
available methods.

In the first part of this paper, the data evaluation procedure used to
treat SANS measurements on DC diffractometers is described in
detail. It is applicable to any infinite-slit geometry and allows for
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simultaneous fitting of multiple data measured with different
resolution, sample thickness and Q-range in the regime of strong
multiple scattering. In the second part, results of tests on data
simulated under conditions typical for experiments at the DBC
instruments are shown, with the focus on reproducibility of
microstructural parameters and on the sensitivity to multiple
scattering and incorrect model assumptions.

2. Theoretical Background

As we are concerned with complex polydisperse systems or even
systems where no isolated particles can be distinguished, the
interpretation of SANS data cannot be based on the usual concept of
particle form-factors. Instead, it is more natural that such medium is
described statistically in terms of the correlation function defined as
(Feigin & Svergun, 1987)

( ) ( ) ( ) 21
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d
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The corresponding scattering cross-section per unit volume is then,
in first Born approximation, given by the Fourier transformation
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where the δ-function stands for the section by the Ewald sphere in
small-angle approximation while z and Qz are the components of r
and Q vectors parallel to the incident beam. The integration over z
and Qz leads to the single-scattering cross-section dΣ/dΩ in the form
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and x, y denote the components perpendicular to the incident beam in
horizontal and vertical directions, respectively. Obviously, the total
scattering cross-section per unit volume is given by

( )Σ t g= λ2 0 (4a)

and for a two-phase system it follows from (1) and (3) that

( ) ( )2
1t zLρλ φ φΣ = ∆ − ,            (4b)

where φ is the volume fraction of one phase, ∆ρ is the difference of
scattering density between the phases  and ( ) ( )0zL z dzγ γ≡ ∫  is the

correlation length measured along incident beam. In the
approximation of  infinite-slit geometry, fully justified for double-
crystal instruments, this two-dimensional scattering cross-section has
to be further integrated over vertical scattering angle Qy/k0, which
results in the following pair of Fourier transform equations,
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The function g(x) represents here the structural information we can
extract from SANS data in the infinite-slit geometry. It is the section
of the 3-dimensional correlation function γ(r) by the plane y=0,

projected along incident beam, as follows from the equations (3) and
(5). Similarly defined frequency function was used earlier by Muller,
Schmidt, Damaschun and Walter (1980) to determine the largest
particle dimension. For consistency, g(x) is called the frequency
function also in this paper, though the 'frequency space' is the real
space in fact. No assumptions concerning the system symmetry have
been made and the equations (5) can therefore be applied also to
anisotropic systems.

To take multiple scattering into account, we can follow the multiple
convolution formalism used by Schelten & Schmatz (1980) to derive
formulas for isotropic scattering functions including multiple
scattering, provided that subsequent scattering events are
independent. This is fulfilled in so called effective media, where the
neutron mean-free-path is longer than the correlation length
(Mazumder & Sequeira, 1988).  Alternatively, we can write the
transport equation for the distribution W(Qx,z) of neutron beam in
dependence on the penetration length z as (Snyder & Scott, 1949,
Bethe, 1953)
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W Q z Q Q dQ

z d

∂ λ
∂ π θ

∞ Σ′ ′ ′= −∫      (6)

Applying Fourier transformation to (6) we arrive with the use of (5)
at
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where

( )2( , ) exp ( ) (0)H x z z g x gλ = −  .       (8)

In contrast to  analogous formulas for isotropic scattering curves
(Schelten & Schmatz, 1980, Berk & Hardtman-Rhyne, 1985),
equation (7) can be applied also to anisotropic systems and its form
allows the employment of the efficient Fast Fourier Transform (FFT)
algorithm on discrete data  in the evaluation procedure, as described
in the following section.

3. Data Evaluation Procedure

3.1 Instrumental Corrections

The function W(Qx,z) satisfies the condition W(Qx,0)=δ(Qx) required
for an infinitely thin sample (no scattering for z=0). To calculate a
model scattering function including instrument resolution, we have
to smear W(Qx,z) with the instrumental curve I ins(Qx), which can be
measured at DC instruments as the rocking curve without sample,

( ) ( ), , ( )m x x x ins x xI Q z W Q Q z I Q dQ
∞

−∞

′ ′ ′= −∫     ,               (9)

or in real space

( ), ( , ) ( )m insH x z H x z H x=  .                            (10)

While H(x) is always a real function, Hins(x) and Hm(x) can be
complex if the instrumental curve is not symmetric with respect to
Qx=0, which is often the case in real experiments. Calculation of the
Fourier transform of the measured instrumental curve is almost
always possible without truncation effects, since the intensity in the
tails outside the measured Q-range is usually negligible. The above
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formulas do not include beam attenuation, but it can be calculated
from measured integral intensities and included in the preliminary
data treatment together with other corrections as background
subtraction, detector efficiency etc. (Strunz, Šaroun, Mikula, Lukáš
& Eichhorn, 1997). The corrections from wavelength spread are not
considered here since ∆λ/λ is typically small at DC instruments.

3.2 Model Frequency Function

In the case of a complex polydisperse system, the scattering centres
often cannot be modelled by any simple form like spheres or
ellipsoids. On the other hand, a simple model of size distribution of
spheres can be considered just as a representation, in which the g(x)
function is expressed. The resulting size distribution can than serve
only as the statistical characteristics of the system as well as the
frequency function itself. Such a simple model can describe g(x) with
rather small number of free parameters in many cases, satisfying
automatically conditions imposed on g(x) like g’(0)=0, monotonous
decrease etc. It is shown below, that this model can describe well the
correlation function even if the model particle form does not
correspond to real objects in the system.

Since highly polydisperse systems require often a broad size
range to be included into model, it is convenient to express the size
distribution on logarithmic scale. Given the ratio K=Rmax/Rmin of the
maximum and minimum particle size, we can represent the size
distribution by a set of n cubic splines as

( )1
max max

1

( )
n

i i
i

D R R p B R R−

=
= ∑ ü  ,           (11)

where  ( ) [ ]( 3) ln( ) / ln 2iB B n K n iξ ξ= + + + −ü ,  B(x) is the cubic spline

function and ξ ranges from K-1 to 1. Similarly, the model frequency
function g(x) can be calculated as
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=

= ∑ ü   ,                          (12)

 where  ( ) ( ) ( )~ ~
g B g di iη ξ η ξ ξ ξ= ∫ 0  , and g0(x) is the frequency

function for a single particle of unit size (R=1). It is possible to store
functions ( )~gi η  in lookup tables, which makes the calculation of g(x)

very fast. The maximum size Rmax represents a scaling factor
considered together with pi as a free parameter in the fitting
procedure. For a two-phase system, it follows from equations (4),
(11) and (12) that
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1 i i

i

p B dρλ φ φ ξ ξ
∞

−∞

∆ − = ∑ ∫ ü                        (13)

and the volume-fraction can therefore be calculated directly from the
coefficients pi, provided that the scattering length density and
neutron wavelengths are known.

3.3 χ2 fitting

Model values Im(Qxj) corresponding to data points, sj, are calculated
by applying FFT to the model function Hm(xj) from (10) in each step
of the fitting routine and for each partial derivative needed to
construct the Hessian matrix. Though these operations slow down the
fitting procedure, they are still fast enough for interactive
calculations because of the efficiency of the FFT algorithm.

If the scattering curve is sampled on the same grid as the
instrumental curve, the FFT routine can be applied to the measured
points sj provided that the truncation effect is negligible. Then the
instrumental curve can include also tails and any background which
contributes to the beam passing through the sample. The fitting can
than be performed directly in real space, which makes computing
considerably faster. The resulting data points in real space hj are
complex in general and both the real and imaginary part can
contribute to the χ2 sum. While the weight factors δsj are calculated
from counting statistics the weights in real space δhj are determined
by Monte Carlo simulation, i.e. by repeated generation of random
deviations to sj and subsequent transformation to real space. Of
course, it is possible to decide interactively, whether the fitting has to
be performed in momentum or real space or both. While the fitting in
real space is faster and provides good results for the central part of
the scattering curve, the weight of the tails of the scattering curve is
underestimated sometimes due to their low integral intensity and
combination of both methods is then necessary. Finally, a
regularization term has to be added to χ2 to minimise numerical
instabilities. As in other similar cases (Glatter, 1977), minimising

( )p pi i
i

n

− −
=
∑ 1

2

2

provides stability of the solution with the smooth

D(R) function, while the corresponding Lagrange parameter is
determined from stability plot. The overall scheme of the fitting
procedure is shown in Fig.1.

Fig.1. Scheme of the data evaluation procedure.

4. Test on Simulated Data

The evaluation procedure was tested on simulated data under
conditions typical for DBC instruments in the regime of multiple
scattering. The model system was represented by the size distribution
of spheres composed of two log-normal functions with maxima of
radii at 0.1 and 1 µm and total volume fraction of 5 % (Fig.2). The
neutron wavelength was 2.1 Å and the scattering density ρ=5.25x1010

cm-2  corresponded to the bulk of plasma-sprayed Al2O3 studied
earlier by this method. The data were simulated for sample thickness
between 0.2 mm and 10 mm, which gives <N> between 0.2 and 10.
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Fig.2. Volume-fraction distribution of sphere radii - comparison of the
original (solid line) with the results for samples of different thickness.

The instrumental curves were modelled by a sum of Gaussian
and Lorenzian curves and a constant background giving the profile
similar to real measurements at the DBC instruments. The width of
each resolution function corresponding to a particular data set was
chosen with respect to the data Q-range (see Fig.3). The fwhm of the
instrumental curves ranged therefore from 2 µm-1 to 15 µm-1, which
are the values to which real DBC instruments can be adjusted.
Included random errors corresponded to the counting statistics
typical for about 20 minutes to 2 hours exposure at the DN-2
instrument of NPI ®eÓ . Three curves were simulated for each sample
in different Q-regions and fitted simultaneously (Fig.3). Radius
distribution of spheres represented by 15 splines in the range
Rmax/Rmin=500 was taken as the model system. The range and number
of splines were chosen after some experimenting with one of the
simulated data sets as the minimum values resulting in minimum χ2.
All other calculations were performed under the same conditions, i.e.
the same initial values of free parameters and regularization
coefficient. The resulting parameters and size distributions are
compared with the original model values in Tab.1 and Fig.2,
respectively.

Fig.3. Example of simulated data for z=1 mm. Dashed lines show
corresponding instrumental curves. Solid lines through points is the result
fitted simultaneously on all three data sets.

The standard uncertainties (s.u.) indicated in Tab.1 were
estimated from the error matrix diagonal only, calculated numerically
by mapping the χ2(pi, Rmax) function in corresponding directions. The
direct use of derivatives of χ2 to calculate the error matrix leads to
wrong values as the χ2(pi, Rmax) function cannot be approximated
correctly by  a quadratic form near the minimum. Consequently, the
values in brackets are generally underestimated, since possible

correlations between parameters are neglected. Nevertheless, the
difference between fitted and original model parameters lies within
s.u. for z < 2 mm, where the part of unscattered primary beam can be
resolved. High errors for the thin sample arise from low scattering
intensity. On the other side, more than 98% of neutrons from the
primary beam are scattered if z>4 mm and the scattering power
cannot be determined unambiguously. Strong multiple scattering has
similar effect as the instrumental smearing and leads to loss of
information about large objects (Fig.2). The tail of g(x) function can
therefore be extended towards large x values, which is compensated
by higher Σt due to the correlations between particle size and total
scattering cross-section. The deviation of correlation length <lx> is
however smaller than 20 % even for z=10 mm, when each neutron
undergoes about 10 scattering events in average. It should be stressed
that volume fraction and specific surface agree well with the original
values even in this case. If the scattering power is known, the
procedure provides correct results also in the case when the incident
beam is completely scattered, as shown in last two rows of Tab.1.

Fig.4. Frequency function fitted to the data for z=1 mm assuming prolate and
oblate ellipsoids instead of spheres as the model particle form. The solid line
shows the original model function.

The particle shape used to represent the frequency function was
identical with the original model in the previous test. In practice,
however, the scattering objects can be different from any simple
model particle. In the other test, two different model particles of the

Comparison of original model parameters with fitted values for varying

sample thickness. <Rg> is volume-weighted mean radius of gyration,

<lx> is the fwhm of the frequency function g(x).

Σt φ(1-φ) S/V <Rg> <l x>sample

thickness [cm-1] [%] µm-1] µm] µm]

0.2 mm 9.7(3) 5.0(2) 0.3 (1) 0.84(4) 2.10(6)

1 mm 9.4(1) 4.96(8) 0.34(6) 0.82(1) 2.06(2)

2 mm 9.4(1) 4.94(7) 0.34(5) 0.82(1) 2.06(1)

4 mm 10.6(1) 5.09(3) 0.34(2) 0.90(1) 2.30(1)

10 mm 11.0(1) 5.10(3) 0.34(1) 0.93(1) 2.44(1)

4 mm fixed 4.96(3) 0.34(3) 0.83(1) 2.08(1)

10 mm fixed 4.96(2) 0.34(1) 0.83(1) 2.12(1)

model 9.56 5.00 0.346 0.820 2.06
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form of prolate (c/R=3) and oblate (c/R=0.33) ellipsoids were
therefore chosen to represent g(x). Resulting size distributions and
mean radii differed from previous results, as expected. On contrary,
the frequency function (Fig.4) and all parameters derived from the
correlation function (volume fraction, specific surface, correlation
length) were in agreement with the original values, except for a small
overestimation of Σt and higher values of the radius of gyration
(Tab.2). Obviously, the information about particle shape is not fully
lost and the inadequate model assumptions lead to slightly worse χ2

with higher values of both maximum size and Σt. This uncertainty
influences mainly the value of <Rg>, which is calculated from  the
4th and 2nd moments of the γ(r) function (Feigin & Svergun, 1987),
while the volume fraction and surface are reproduced well.

5. Discussion

Any refraction effects were neglected so far. For the presented
example of porous microstructure and λ=2.1 Å, the limit ν<2 means
that the maximum pore size measured along incident beam should
not exceed 18 µm. This is well fulfilled for the given example as well
as for most of pores usually observed in plasma sprayed ceramics.
The actual limit depends, of course, on the scattering length density
of a given material. In many cases, however, the indicated resolution
range for DC instruments 0.01µm to 10 µm would fall within
diffraction regime conditions, in contrast to a pin-hole instrument at
a cold neutron source, where the limit in high resolution mode is by
about one order of magnitude lower.

Since g(x) describes the whole system instead of a single particle
and no assumptions concerning mutual correlations in particle
positions have been made, the method can be used also in the case of
non-trivial structure factor. The simple model of random sphere
distribution is apparently not universal, since it cannot describe e.g.
any local maxima of the g(x) function. Another representation for the
frequency function taking into account the interparticle interference
must be used in such cases. Since all derivatives in the procedure are
calculated numerically, addition of new free parameters describing
the structure factor represents no obstacle in principal. Nevertheless,
this option has not yet been tested.

Attempts to fit the data with varying sample thickness
simultaneously have been made with the aim to reduce the
uncertainty in determination of scattering power <N> and particle
size in the case when no remains of unscattered beam can be
resolved. In contrast to expectations, no significant improvement was
achieved. On the other hand, if <N> is known and kept fixed during
data fitting, the procedure reproduce the true values even for single
sample thickness. However, the variation of thickness can be useful
since it permits to approach the limit where <N> can be determined
unambiguously and, on the other hand, to measure the outer parts of

scattering curve with sufficient statistics on thick samples.
Measurements of <N> on thin samples at a Bonse-Hart
diffractometer can be very useful in this context.

Plasma sprayed materials are known to be anisotropic with an
isotropic axis parallel to the direction of plasma spraying (Ilavský,
Allen, Long & Krueger, 1997). Using the presented method, the
reconstruction of correlation function γ(r) would be possible from
measurements performed at different orientations of the sample with
respect to the incident beam. If the measurement is made with the
beam parallel to an isotropic axis, the resulting values of volume
fraction can still be influenced by anisotropy along this axis.
Appropriate corrections can be done only if the true value of
correlation length <Lz> is known.

First tests of this method on experimental data have been
published earlier (Šaroun, Strunz, Borbély,  Ilavský & Kolman,
1999) and the results agreed well with other available SANS
measurements at pin-hole instruments, performed in the Porod
region. Quantitative comparison with other porosimetric techniques
(mercury intrusion porosimetry, water immersion techniques or gas
pycnometry) is difficult as each method describes only part of all
pore populations. Though qualitative agreement with scanning
electron microscopy images proves that the method provides
physically sensible results, quantitative comparison is also difficult
because of artefacts created in the course of sample preparation.
Nevertheless, the resolution of DC diffractometers allows for such
comparison and investigation in this direction is in progress.

The PC version of the program implementing this method is
available from the author on request.

This work was supported by the Grant Agency of the Czech
Republic (projects No. 202/95/0216 and 202/97/K038).
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